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Dynamic Response of Marine Propellers to Nonuniform Flowfields
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The necessity to reduce propeller-induced ship vibrations has led to the adoption of skewed blades.
Such blades are more flexible than conventional ones and respond dynamically to the nonuniform ve-
locity field generated by a ship's hull. The resulting time-dependent hydrodynamic and inertial loads
may either alleviate or magnify the over-all forces and couples exerted by the propeller. These hydro-
elastic effects have been analyzed theoretically and verified experimentally on a model propeller.
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Nomenclature
: integrand of lift operator
: time-dependent load acting on a blade element
; time-dependent hydrodynamic load due to nonuni-

form inflow velocity field
: number of radial strips subdiving each blade
: kernel function of integral equation
: spanwise hydrodynamic load function
: generalized mass corresponding to the kth mode of

vibration
: unsteady hydrodynamic pressure acting on the blade

surface
: hydrodynamic force due to dynamic response of the

blades
: order of blade harmonic
: tip radius of propeller
= hub radius of propeller
: width of radial strip
= area of blade surfaces
: time r2* rroI V(r,<p)rdrd(t)J0 Jr.

= volume mean velocity = -
rQ ~ rh /

: Fourier component of wake velocity normal to the
blade
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w(X,r,(f);t) - self-induced velocity at a control point at time t
X,r,(fr — cylindrical coordinate system of control point
ak,fik - mode shape factors associated with the kth natural

frequency
0C r) ~ pitch angle of blade at radial position r
yq — phase angle of blade harmonic
d(p,0;t) = deformation function of the blade at time t
A/e(co) = amplitude of the normal coordinates cooresponding to

the kth mode of vibration
r; = loss of factor of blade material
Bb

r — projected propeller semichord length at radius r

%k(t)

Pf,pn

= cylindrical coordinate system of loading point
= generalized force corresponding to the kth mode of

vibration
= normal coordinate associated with the kth mode of

vibration
= mass density of fluid and propeller blade material,

respectively
= angular measure of skew at radius r
= normalized mode shape of the blade corresponding to

the kth natural frequency
= angular frequency
= differentiation with respect to time

5

= vector quantity, printed in boldface type
( )o = initial position of control point in propeller plane
( )a = angular chordwise location of control point

Introduction
AN important problem in ship design concerns the vibra-
tions generated by the propeller. Due to its response to a
spatially and temporally nonuniform velocity field within

oo
(•)

Subscripts
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which it operates, the propeller exerts time-dependent
axial and side forces, as well as fluctuating torques and
moments upon the hull of a ship.

In recent years, the aforementioned forces and couples
have been the subject of much theoretical and experimen-
tal research. In particular, unsteady lifting surfaces
theories such as that of Tsakonas2 have been developed
and accurately predict experimental results, in many
cases.

The necessity for minimizing unsteady forces and,
hence, ship vibration levels, however, has led to the adop-
tion of propeller blades with a high degree of skew. Such
blades are more flexible than conventional ones so that
hydroelastic effects cannot be ignored. The dynamic re-
sponse of the blades may either alleviate or worsen the net
forces and couples. This is the motivation behind the
present study.

The problem has been approached by extending the lin-
earized three-dimensional lifting surface theory of Tsak-
onas to include the elastic deformation of the blades. The
predictions have been verified experimentally on a
three-bladed, skewed propeller used by Boswell5 in a pre-
vious investigation. Good agreement between predicted
and measured values of the forces have been observed.

Equations of Forced Motion of an Elastic Blade

A propeller operating in a spatially nonuniform inflow
velocity field experiences a distributed load f which in-
cludes three components

f(p, 0;/) - F(P, 0;0 + P(P, e\t) - , e) 5 (P, e\t)

The time-dependent force F represents the load which an
ideally rigid propeller of identical geometry would experi-
ence if it were subjected to the same flowfield. The dy-
namic response of the blades of a real propeller gives rise
to an additional hydrodynamic force P as well as to an in-
ertial force P^g. In order to find the over-all vibratory forc-
es, torques and moments which act upon the propeller at
any instant of time, it is necessary to integrate f over-all
blade elements.

The magnitude of the unknown deformation function, 6
can be expressed as a summation of the products of the
normal modes of vibration of the blades \[/ and normal
coordinates £ as follows

(2)

The application of well-known methods leads to a set of
coupled, linear differential equations of motion for the
normal coordinates £/v, of the form

Mklk + u>6
2 (1

where

= IJs

= H,D + E/, k = 1,2,3. . . (3)

dS = generalized mass

co/, = natural frequency corresponding to the kth mode of
vibration and r? = loss factor of the blade material;

^k° — 1 ^kRdS = generalized force due to the
s disturbing nonuniform flowfield

H/ - f ^kPdS — generalized force resulting from
^s the dynamic response of the

propeller blades

The generalized forces are hydrodynamic in nature and

can be calculated independently of each other. In particu-
lar, the generalized force corresponding to a rigid propel-
ler can be predicted by means of an existing theory, such
as that of Brown1 or that of Tsakonas, Jacobs and Rank.2

The approach adopted in the present work follows that of
Ref. 2.

The unknown hydrodynamic loading which acts on a
blade surface element can be expressed in terms of an in-
tegral equation which relates the self-induced velocity w
to the pressure distribution on the lifting surfaces, namely

(4)

where K = kernel function representing the velocity in-
duced at a control point on the blade located at (X,r,0o)
by an oscillatory pressure of unit amplitude at a loading
point on the blade located at (£,p,0o); Ap = unknown
hydrodynamic pressure acting on the blade surface.

The boundary conditions require that the self-induced
velocity be equal and opposite to the velocity distribution
normal to the propeller blades. For a rigid propeller, we
require

= - V(r)eLQ(™ 'V (5)

where V(r) = Fourier component of the wake velocity nor-
mal to the blade at a radial distance r from the hub cen-
terline; 12 = angular velocity of the propeller; q = order of
blade harmonic.

If the blades are flexible, however, the self-induced ve-
locity must also counteract a component due to blade vi-
brations. The linearized boundary condition in this case is
given by

tt>(X,r,00;0 = [(d/d/) + C/cot/3(r)(d/rd00)]5(^r,0o;/)

.(6)
where j3(r) — pitch angle of the blade at a radial position
r; U = mean volume velocity. The numerical integration of
Eq. (4) is difficult to perform because of the strong singulari-
ties of the kernel function K. Schemes for simplifying and
evaluating the kernel were devised by Watkins, Woolston
and Cunningham3 in connection with oscillating wings in
subsonic flow. They replaced the unknown load distribution
by a sum of functions which possess the general character
of the expected hydrodynamic loadings. The chordwise
pressure distribution was represented by a Birnbaum series
which satisfies the Kutta condition at the trailing edge and
has the proper leading edge singularity. As a result of this
substitution, Eq. (4) reduces to a sum of definite integrals
with unknown coefficients whose magnitudes determine the
spanwise lift distribution. These integrals are evaluated
numerically by satisfying the downwash distribution given
by Eqs. (5) and (6) at a discrete number of control points
located on the blades. This approach was successfully
used by Tsakonas, Jacobs and Rank2 in their unsteady
lifting surface theory for marine propellers. Their analysis
leads to a set of simultaneous algebraic equations relating
the unknown spanwise hydrodynamic load function L to
the self-induced velocity w. A necessary simplification
consisted in subdividing each blade into J radial strips
and assuming the spanwise distribution of loading to be
constant on each element. In addition, the number of
chordwise hydrodynamic modes is restricted to n and,
hence, there are n simultaneous equations of the form

i r
IT ^0 U

where (/>a = angular chordwise position of a control point;
rL = radial position of a control point; PJ = radial position
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of ajoading point; m - 1, 2, . . . n, i = 1, 2, . . . J, j = 1, 2,
...J.

The integrands of the lift operators which appear on the
left-hand side of Eq. (7) have the form
A(0(V,1) = 1 - cos 0a, m = 1, A(0a,2) = 1 + 2 cos 0a,

m = 2,A(0a,m) = (cos(m - 1) 0afm - 1), m = 2
The kernel K(m^] has been derived in Ref. 2. Expressions
for this quantity are given in Appendix A.

Since the inflow velocity field is temporally steady, all
events at a point located on the propeller will vary with a
frequency o> = qtt. Consequently, the normal coordinates
have a time-dependence given by

(8)

The major steps in calculating the values of the admittan-
ces Afe(w) are as follows: first, the boundary conditions
given by Eqs. (5) and (6) are substituted in Eq. (7) and
the hydrodynamic loading functions are expressed in
terms of A f e(a>). The generalized forces are next found and
substituted in Eq. (3). The resulting set of simultaneous
algebraic equations are then solved for A/j(co). This pro-
cess, which is described in detail in Ref. 4, is outlined
below.

First the generalized force due to the dynamic response
of the blades will be established. In order to simplify the
calculations, the chordwise profile of the blades is as-
sumed to remain undistorted by the vibratory motion. As
a result, the mode shapes corresponding to the kth natural
frequency can be expressed as follows

- ak(r) k = 1,2,3. . . (9)

o(.k(r) and (3k(r) are functions of the radius only. The angle
</>, , , which represents the angular position of a control
point, has the value of zero at the leading edge ot a blade
and of TT at its trailing edge.

We now substitute Eq. (9) into Eq. (2) and find an ex-
pression for the boundary condition on the blades from
Eq. (6). In performing this step, the angle 0o which occurs
in Eq. (6) and which denotes the initial position of a con-
trol point in the propeller plane is replaced by [ar - Bb

r

cos 0M], where ar is an angular measure of skewness at ra-
dius r and Ob

r represents the projected semichord length of
the propeller at radius r.

From Eq. (7) we can now obtain the values of the
hydrodynamic loading functions in terms of A/j. This
equation is given in matrix form as follows

(10)

In this equation, \ L ( i l ) ( p ) \ M is a column matrix composed
of m rows. The superscript M indicates that the unknown
hydrodynamic spanwise modes are associated with the
motions of the blades resulting from their elastic deforma-
tions. [K]'1 is an m * m square matrix of the kernel
whose elements are given in Appendix A. The matrix [J]
is rectangular and has m rows and k columns, where k de-
notes the vibration mode number. Finally, J A J is a column
matrix having k rows. The elements of the [J] matrix are
given by

qa_ [ c^_
r \ 2T° L 2

After some simple steps, the following expression for the
generalized force is obtained

(12)

where s = width of radial strips into which the blades are
subdivided. The row matrix [a(3]^ has m columns whose
elements are given by

1/2 a, (p); 1/2 &(p); 1/8 &(p); 0; 0; . . . ; 0] (13)

The generalized force H/2D due to the nonuniform flow-
field can be found in an analogous manner. It is given by

cosj8(r) (14)

where yQ = phase angle of the wake harmonic q.
The elements of the row matrix [1] are given in Appen-

dix A.
With the generalized forces thus determined, the equa-

tions of motion (3) can be written in dimensionless form
as follows

Va(r)
U cosf$(r)e -L(q<3r + (15)

Equation (15) constitutes a set of simultaneous equations
which can be solved for the admittance Afe(co).

At this stage useful engineering information can be ob-
tained. It can readily be shown4 that the combined load
distribution along the span of the blades reduces to

(16)

{L^(p)}D + 1/2 {L(

{L (1)(p)r+l/2{L (2 '(p)f

where a = r0!2/L/ and r0 = propeller tip radius.

The thrust and torque fluctuations are given in terms of
this combined loading function by the real part of Eqs.
(17) and (18), respectively,

TF(q) = -Nel"at f {L(p)}DtM cosp(p)dp (17)
p

QF(q) = -Nr0e l"a t f {L(p)}D ** p sinf)(p)dp (18)
Jp

where N = number of blades on the propeller; /3(p) = geo-
metric pitch angle of the blades at radius p. Similar,
somewhat more complicated expressions for the side forc-
es and moments, are given in Ref. 4.

Equation (15) shows that the following dimensionless
parameters must be kept constant if geometrically similar
propellers are to generate the same thrust, torque and mo-
ment coefficients 1) co^/ql] = ratios of the kth natural fre-
quency of the blade to the frequency of excitation; 2) 17 =
material loss factor; 3) (Mk/pfr0

3) = ratio of the general-
ized mass associated with the kth mode of vibration of the
blade to a mass of liquid; 4) 12r0/£/ = a flow coefficient
proportional to the propeller's advance coefficient; 5)
VgM/Lf = ratio of the Fourier coefficient of the wake ve-
locity to the volume mean velocity.

If these parameters are kept constant, then the value of
A/e/ro in Eq. (15) will be the same, irrespective of propel-
ler size and material properties. The right-hand side of
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Fig. 1 Geometric configuration of
skewed propeller (NSRDC No.

4143).

Eq. (10) for the span wise loading

1

will, therefore, also be the same. Consequently, the un-
steady thrust, torque and moment coefficients will all be
identical.

As an example, imagine that the unsteady thrust coeffi-
cient of a full-scale propeller is to be determined experi-
mentally by means of a model which is L times smaller.
To satisfy similarity requirements, the model must be
made of the same material as the full-scale propeller so as
to maintain the same value of the loss factor 77 and mass
ratio Mk/(pfro3). It must be tested in the same fluid me-
dium. Since the natural frequency uk of the model will be
L times larger than that of the full-scale propeller, the
rpm must also be increased by this factor. Thus, the ratio
c o k / ( Q ^ ) will be constant. A constant flow coefficients
(ilr0/U) implies that identical values of the various coeffi-
cients (such as the thrust and torque coefficient) will be
obtained at a velocity U which will be the same for both
model and full-scale propellers. In addition, the inflow ve-
locity field, which is characterized by VQ(r)/U must be
geometrically similar.

Some additional parameters which do not appear in Eq.
(15) must also be mentioned. The first is the Reynolds
number which should be high enough to prevent laminar
separation. Secondly, cavitation must be avoided. Third-
ly, the tests must be performed at or close to the zero
thrust advance coefficient of the propeller, since the theo-
ry does not account for the effects of steady loading.

VOLTMETER

OSCILLOSCOPE

POWER SUPPLY
,(28DC VOLTS, H P. CO.)

AMPLIFIER (553A, KISTLER)
WIDE RANGE OSCILLATOR
'(MODEL 200CD, HP.CO.)

VIBRATION EXCITER
(GOODMANS IND. LTD)

Fig. 2

( DIAMETER )

Measurement of the natural frequencies of the epoxy
resin blade in water.

COLUMN I
COMPUTATION ( IN VACUUM )

,0.597

^0.010

.000

EXPERIMENT ( IN AIR )

-1.000 K—^^ lAO.957

Fig. 3 Normal vibration mode shapes of the skewed propel-
ler blade.

As a specific example, consider the thrust fluctuation
ratios shown in Fig. (8). These apply to a model propeller,
1 ft in diam, described later in this paper. The frequency
at which the peak response is obtained on a geometrically
similar propeller which is 10 ft in diameter and is made of
brass is equal to 10.5 Hz. For a three-bladed propeller,
this corresponds to 210 rpm.

Application of the Theory to a Three-Bladed Skewed
Propeller

In order to verify the theory experimentally, a specific
model propeller shown in Fig. 1 was selected. This had
been tested by Boswell5 in a previous investigation. It was
designed at the Naval Ship Research and Development
Center, and is designated by NSRDC 4143. It has an ex-
panded area ratio of 0.6 and 120° of skew. The thrust coef-
ficient is equal to 0.150 at a design advance ratio of 0.833.
It has a tip radius r0 of 6 in. and is made of aluminum
alloy.

For experimental purposes a second, identical propeller
was made in epoxy resin. This material has a mass densi-
ty of 0.078 lb/in.3, a modulus of elasticity of 1.43 x 106

lb/in.2 and a loss factor of 2.5 X 10~2 at room tempera-
ture. With this choice of materials, a wide difference in
the amplitudes of the unsteady thrust and torque of the

Table 1 Natural frequencies of vibration
of epoxy resin blades

Mode no.
Frequency, Hz

Air Water

1
2
3
4
5

118
321
496
676
712

46.3
130
258
333
426
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.20,

Fig. 4 Propeller and balance mounted in the water tunnel
test section behind a three-cycle wake screen.

metal and plastic propellers were predicted within the
planned operating range of the tests. First the natural
frequencies and mode shapes of the epoxy resin blades
were measured, in air and then in water. The test set-up
is shown in Fig. 2. Three Endevco model 2222B microminia-
ture accelerometers weighing 0.5 g each were used
to map the blade deflections. The results are given in Fig.
3 and Table 1.

Next, the spanwise loading distribution was calculated
numerically. For this purpose, each blade was divided
into J - 8 equal radial strips. The propeller advance ratio
was equal to 1.15, which corresponds to a small steady
thrust force. The inflow velocity field corresponded to one
generated by a three-cycle wake screen, as shown in Fig.
4. The characteristics of the flowfield at a distance of 30
in. downstream of the screen is shown in Fig. 5. This posi-
tion coincided with the propeller plane during the tests.

One result of these calculations is shown in Fig. 6. The
real and imaginary parts of the unsteady thrust force of an
ideally rigid propeller—in this case, the aluminum alloy
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Fig. 5 Fourier coefficients of the flow downstream of the
three-cycle wake screen normal to the pitch datum line for

propeller No. 4143.
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Fig. 6 Amplitudes and phases of the thrust fluctuations of
rigid and elastic propellers; q = 3 and q = 6, J = 1.15.

unit—is compared with that of the epoxy resin propeller.
The volume mean velocity in the axial direction U is
used as a parameter.

In order to check these calculations experimentally the
thrust fluctuations exerted by the aluminum and epoxy
propellers were measured. The tests were performed in
the 48-in.-diam test section of the Water Tunnel located
at the Ordnance Research Laboratory of The Pennsylva-
nia State University. Identical flow conditions and instru-
mentation was used throughout the experiments.

The results are shown in Fig. 7, where the ratio of the
magnitude of the unsteady thrust forces exerted by the
flexible and rigid propellers are plotted. The theory accu-
rately predicts the velocity at which the peak response oc-
curs. However, a discrepancy between the predicted and
measured amplitude ratios exists. In view of the many as-
sumptions in the theory and the uncertainties associated
with the measurements, it is difficult to state the precise
reasons for this discrepancy. From a practical viewpoint,
however, it is immaterial if the thrust fluctuation ratio is
equal to 9 as theoretically predicted or 6 as measured,
since the propeller must in any event be designed to avoid
such a resonance condition in its operating range.

Further calculations were also performed to establish
the effects of material properties. Figures 8 and 9 show
the results that were obtained.

—— COMPUTATION

--0-- EXPERIMENT

I. 2. 3. 4.xlO~3

VOLUME MEAN VELOCITY U

Fig. 7 Thrust fluctuation ratio; q - 3 and q = (i, J = 1.15.
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second kind, of half add-integer order:

0 0 jy

- , and Z/ / ( m > n) in Appendix B

40 60 80 100 120
FREQUENCY OF LOADING , u;

140 160 Hz

Fig. 8 Thrust fluctuation ratio of the model propeller for
various materials;?/= 1 .15;</ = 3.

Conclusions

Theoretical and experimental investigations such as
those of Brown,1 Tsakonas,2 Boswell,3 Yamazaki,4 Bres-
lin5 and many others have shown that certain propeller
blade geometries lead to a reduction of the magnitudes of
the unsteady hydrodynamic forces and moments which
cause ship vibrations.

The skewed blade geometries that are suggested by the
aforementioned studies, however, possess higher structural
flexibilities than the blades of conventional marine propel-
lers. The results obtained in the present study indicate
that hydroelastic effects cannot be ignored since substan-
tial magnifications of the forces, torques and moments ex-
erted by the propeller upon a ship's hull may occur.

Appendix A: The Kernel Function

According to Tsakonas2 Kim>h (yi.pj) is given by

x7"
(Al)

where denotes Legendre's function of the

I 6

0.02 0.04 0.06 0.08

FREQUENCY OF LOADING (A)ffc
Fig. 9 Thrust fluctuation ratio for various structural damp-

ing factors; epoxy propeller, q — 3; J — 1.15.

2) r{ -0.01 < p < r < + o.Ol

m = 0
(A2)

where em —
1 if m = 0

2 if m = 1, 2, 3 . . .

5.0 In2. - In

for this small region.

'">is given in Appendix B.Note that 0 = 0.01 here.
n = 1

3) r{ - 0.05 <p<rt- 0.01 or r{ +
0.01 < p <r{ + 0.05;

=0 If

K^(rbPj)^-^ Z,Ncm E/^/5 (A3)
nr m = 0 n = 1

where

75 - 2283.2895ft -/_t) + 2397.1028ft ~/-2)

- 169.02(/3 -/_3) -f 350.9914ft -/_4)

+ 5. 1197ft -/_5)

_ (O.Olj)3

fj ~

is given by

where

19.53 Q,.1

fo.67
— -

I.16
a

/2rp

+ r2 + p 2 1 /2rp

- 27T

ar and ap are skewnesses of propeller blade, and where

im-\ •

i-i) '
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- 1/2[J0(X) -

[JQ(X) -J2(X)] + tJt(

- J0(X) - * Jt(

"'2

(A6)

- Bessel Function of the first kind, or order n.
N

Appendix B: Evaluation of Z/ / ( m » " >
n =1

E / > - N I ̂  + (ar - ap) /^)(0)A(")(0) -

t
( r l )(0)

[J
for m — q — 0,

(Bl)

7-iq(ar -a?)

29
• -a")

(B2)

for m = q * 0

e-im(ar-aP)I(m)(m0b
r)A(n)(mOb

p) -

9 f m ( < r r - < r )
(B3)m + q x ° '

for m ± q
These equations are reproduced from Ref. 2.
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